
SEPTEMBER 1965 TECHNICAL NOTES 1775

perturbation differential equations. The cases mentioned
in the last section will now be discussed.

v. < 1, k = I
In this case the expansions for velocity and pressure are

uniformly valid. The first of Eqs. (7) and the last of Eqs.
(5) can be used to show that

and

B! = 1 - M (8)

Once BI is known, AI, d, and e&i can be determined as in
Mirels7 work.2 However, the expansion for density is not
uniformly valid; namely, in an inner region where 6 is Q(t~N),
the second term in the expansion D\t~N attains the same order
of magnitude as the first term Z)0. Using the method of
matched asymptotic expansions, one can show that in the
inner region

P = (Cd/r x [«.-
(6- 0 = v*e (9)

which is still not valid in the innermost region where (6 — 1)
isO(/exp{ — [(1 — n)N/iJ,]}). In this innermost region the
density cannot be determined by the governing equations be-
cause it depends on the initial history of the shock; however,
given the initial shock motion and using the particle-isentropic
condition, the complete asymptotic flow field can be deter-
mined. Such dependence of density on the initial history
of the shock may happen in the inner region in other cases.

M = 1, k = 1
Although the asymptotic behavior of Vi near the piston will

be different from the preceding case, with logarithmic terms
appearing, it can be proved that the log term is not the
dominating term at 77 = ?7&o and, therefore, still BI = 1 — JJL
which is zero in this case. It follows that this case yields
only trivial solutions.

n = 1, k = 2
The expansion for velocity is still uniformly valid and, as in

preceding cases, Bk can be shown to be

B, = -j/2rfr (10)

It is obvious that if ,/ = 0 the preceding is a trivial solution.
For j = I or 2, A$, C2, and a2 can again be determined. The
outer expansion for density is still not valid in the inner re-
gion 6 = 0(t~N) where now the density already depends on
the initial shock motion. The outer expansion for pressure
may or may not be uniformly valid depending on whether a is
larger or smaller than unity.

M = l,j = 0, <r < 1, fe = 3

All the expansions of Eqs. (3) are not valid near the piston,
and the last of Eqs. (5) can no longer be used to determine
Akj Bk, Ck, and ak as before. They can only be determined
from matching with the inner solutions.
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Some Experimental Observations on
the Nonlinear Vibration of

Cylindrical Shells
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Nomenclature
h = shell thickness (in.)
L = unsupported length of shell (in.)
n = number of circumferential waves in shell vibration mode
pQ = amplitude of Jensen driver output (psi)
R = shell radius (in.)
V = voltage input to Jensen driver (v rms)
5 = driver-to-shell (or pressure transducer) spacing (in.)

Introduction

IN a note on the nonlinear vibration of cylindrical shells,
Evensen1 indicated that, contrary to the findings of Chu2

and Nowinski,3 the nonlinearity revealed by his preliminary
investigations was of the "softening" type, and the vibrations
were only slightly nonlinear. In subsequent work, Evensen4

treated the analogous problem for a thin-walled ring in great
detail both theoretically and experimentally. He found that
the ring vibrations exhibited only a small "softening" type
of nonlinearity. As a consequence of the similarity between
the two problems, these findings lend support to the earlier
predictions. However, at the present time, there seems to
be no quantitative experimental data available to substantiate
these predictions for the complete cylindrical shell.

In preparing for flutter experiments,5 the author performed
vibration tests on several cylindrical shells. The results of
these tests included some qualitative observations and some
quantitative data on large amplitude vibrations, and these are
reported herein.

Experimental

The forementioned shells were thin-walled seamless circu-
lar cylinders made of copper by an electroplating process.
The large amplitude vibration test was carried out on a
0.0044-in. thick shell (radius-to-thickness ratio of 1820)
mounted on the flutter model. Motion of the shell skin was
measured with an inductance pickup that could be traversed
both axially and circumferentially under the shell without
touching it. Full details of the shells and flutter model are
reported elsewhere.5

The shell vibrations were driven by a Jensen model D-40
acoustic driver whose acoustic output was focused through a
conical nozzle with a 0.25-in.-diam exit hole. The driver was
positioned midway between the ends of the shell with the
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Fig. 1 Scheme of shell vibration setup.

nozzle a small distance 6 away from the shell skin (Fig. 1).
The n = 10 vibration mode with one axial half-wave (here-

after referred to as the n = 10 mode) was one of the cleanest
obtained and consequently was chosen for the nonlinear test-
ing. Its natural frequency of vibration was 131.2 cps (Fig. 2).

The Jensen driver was calibrated for this frequency with one
of the pressure transducers developed by Schmidt.6 The pres-
sure output from the driver was essentially sinusoidal for
driver-to-transducer spacings 8 up to 0.03 in., and the ampli-
tude fell off gradually with increasing d.

Results
The amplitude responses for the n = 10 mode are plotted in

Fig. 3, and the corresponding circumferential mode shapes at
peak response are shown in Fig. 4. The well-known jump
phenomena associated with nonlinear vibrations are clearly
exhibited in Fig. 3. For example, as the frequency was in-
creased from below resonance, the vibration amplitude in-
creased slowly until at some critical frequency it suddenly
jumped to a high level. At the same time, the phase angle be-
tween the vibration and the forcing function jumped from less
than 90° to greater than 90°. A further increase in frequency
caused a gradual decrease in vibration amplitude and a steady
increase in phase angle. On the other hand, when the fre-
quency was then decreased, the vibration amplitude increased
until a maximum was reached with a phase angle very close to
90°. A further decrease in frequency then caused the vibra-
tion amplitude to jump down to a low value and the phase
angle to jump to less than 90°. This second critical fre-
quency was lower than the first one at which the amplitude
had jumped up. This shows clearly that the nonlinearity is
of the "softening'7 type. The term jump has been used in the
foregoing context to mean a finite change over a time period
equivalent to about 100 to 300 cycles of shell motion.

Figure 3 shows that, even for vibration amplitudes of 2.5
shell thicknesses, the change in vibration frequency is less
than 1%. This seems to contradict the predictions by Chu2

and Nowinski3 of 20 to 50% changes. However a compari-
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Fig. 3 Shell response in n = 10 mode.

son with their work is not straight forward since they pre-
sented numerical results only for a relatively thick shell.
Figure 4 shows that there was a small amount (exag-
gerated by plotting mean square amplitude) of another mode
present with the n = 10 mode.

It should be noted that the motion of the shell would modu-
late the effective output of the Jensen driver, since its output
varied with the driver-to-shell spacing d. At the highest
amplitude obtained (2.5 shell thickness), this modulation was
estimated to be about ±20%, but at lower amplitudes, it
would be much less. How much effect this modulation has
on the response curves is not known, but it is felt that it
would not change the nature of these curves.

Some qualitative observations obtained in the course of this
investigation are also of interest here. When any mode of the
shell was forced into resonance and the pickup was positioned
at a longitudinal nodal line, the Lissajous figure for the vibra-
tion was a horizontal figure 8 of relatively small height. This
is evidence of the presence of the so-called double frequency
nodal contraction found in the ring vibrations.

Ultraharmonics up to -§- were easily obtained for many
modes. For example, with the driver oscillating at about
16.4 cps, the shell would vibrate in the n = 10 mode at a fre-
quency of 131 cps. These ultraharmonics were also observed
in the ring vibrations.

It was also observed that, as any mode was driven to ever
increasing amplitudes by increasing the driver voltage, at
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Fig. 2 Natural frequencies for shell modes with one axial
half-wave.
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Fig. 4 Mode shapes at peak response.
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some critical amplitude the vibration would become unstable.
Although no quantitative data were obtained, it was observed
that this critical amplitude (which was about 3 shell thick-
nesses for the n = 10 mode) depended on the circumferential
wave number n. It is suspected that this is evidence of the
occurrence of the companion mode instability observed in the
ring vibrations.

Conclusions

The experimental results presented support the thesis that
the nonlinear vibrations of thin cylindrical shells in mode
shapes with long axial wavelengths exhibit many of the
phenomena previously observed for thin circular rings. In
particular, for amplitudes of the order of the shell thickness,
the vibrations exhibit a slight nonlinearity of the "softening"
type.
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Nomenclature

magnetic induction
number of turns per unit length
geometry function
radius of solenoid
coordinate along solenoid axis
length of solenoid
current in solenoid
discharge circuit capacity
width of search coil or specimen section

current in specimen
running coordinate along solenoid axis
running coordinate along solenoid radius
force
pressure
discharge circuit inductance
resistance of specimen
time
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F = cross section of specimen
fci = (2xp + l)/2R
k2 = (2xp - l)/2R

Introduction

CURRENT defense concepts for protection against bal-
listic war heads call for employment of nuclear blast to

aid in the destruction of the attacking re-entry vehicle.
Hence, effort must be directed toward simulation of the as-
sociated phenomena in the laboratory.

Because of the high closure rate between the blast front
and the re-entry vehicle, the pressure pulse applied to the
re-entry vehicle structure can be expected to have a duration
in the /zsec range. Shell design criteria for pressure pulses of
this type are based on studies1 accomplished with pressure
pulses in the millisecond range. There is reason to question
the applicability of these criteria, since the pulse duration is
too long to excite the shell ring mode.

Investigations2-3 using conventional explosives all lack that
one ingredient so necessary in experimental studies, i.e.,
control. In addition, conventional explosives introduce
hazards and instrumentation difficulties, which are not to be
overlooked.

Lindberg4 utilizes very thin shells to demonstrate the inter-
action between the elastic extensional mode and the elastic
flexural modes. The .use of such thin shells was rejected by
the authors because of the difficulty of eliminating imperfec-
tions caused by fabrication and also because the possible
existence of a relationship between the ring mode and breath-
ing mode frequencies might preclude use of such specimens.

Experimental Techniques

A metallic shell is inserted into a coil through which a high-
energy capacitor bank is discharged. The circuit is critically
damped to avoid ringing. This discharge gives rise to a mag-
netic field, which, in turn, induces a current in the specimen.
The inducing and induced currents generate magnetic fields
that repel each other, thus generating the pressure pulse.
Since it is possible to calculate the magnetic fields, the pres-
sure can be determined. Both radially symmetric and asym-
metric pulses can be generated by the simple expedient of
varying the radial location of the specimen within the coil.
Presently, studies are being conducted for devising a pressure
gage on photoelastic principles. Although results are en-
couraging, satisfactory measurements have not yet been ob-
tained. Space limitations prevent further elaborations.

Analytical Development

In the following, an analytic expression for the pressure
will be derived. Consider the force acting on a current Is
in a magnetic field H. It may be calculated from

dK = HIS dl sm(H, dl) (I)
In this case, only the axial component of the field is impor-
tant, and sm(H, dl) may be assumed to equal 1. For a
cylindrical coil, H has been determined to be7

ft = I-ax ~ R
2xp + /

2
2 - 2p cosy)1'2

J l — p COST
(1 + p2 + fe2 - 2p cosy)1/2] (1 + p2 - 2p cosy) j (2)

To determine /s, we compute the mean induced voltage in a
ring segment of the specimen of width A at the distance
xp + A/2 from the origin :

From (3), we obtain the current in the ring section as

(4)
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